Introduction
Let A be an artin algebra. Then there are nitely many non-isomorphic simple Amodules. Suppose S 1 ; S 2 ; :::; S n form a complete list of all non-isomorphic simple Amodules and we x this ordering of simple modules once for all. Let P i and Q i be the projective cover and the injective envelope of S i respectively. With this order of simple modules we de ne for each i a standard module (i) to be the maximal quotient of P i with composition factors S j with j i: Let be the set of all these standard modules (i): We denote by F( ) the subcategory of A-mod whose objects are the modules M which have a -ltration, namely there is a nite chain 0 = M 0 M 1 M 2 ::: M t = M of submodules of M such that M i =M i?1 is isomorphic to a module in for all i: The modules in F( ) are called -good modules. Dually, we de ne the costandard module r(i) to be the maximal submodule of Q i with composition factors S j with j i and denote by r the collection of all costandard modules. In this way, we have also the subcategory F(r) of A-mod whose objects are these modules which have a r-ltration. Of course, we have the notion of r-good modules. Note that (n) is always projective and r(n) is always injective.
From the de nition, we have the following properties of standard modules:
(1) Hom A ( (i); (j)) = 0 if i > j; (2) groups. For a further generalization of standardly strati ed algebras one may see the paper 7] . Now let us recall some de nitions from 5]. A morphism f : M ?! N in A-mod is said to be right minimal if an endomorphism g : M ?! M is an automorphism whenever f = gf: Note that the morphism f is right minimal if and only if the restriction of f to any direct summand of M is non-zero. A subcategory X of A-mod is called contravariantly nite in A-mod if for each module C there is a right X-approximation, that is, there is a morphism f : X ?! C with X 2 X such that the induced sequence Hom A (X 0 ; X) ?! Hom A (X 0 ; C) ?! 0 is exact for all X 0 in X: A right X-approximation f : X ?! C is said to be a minimal right X-approximation if f is right minimal. Dually, one has the notions of left minimal morphisms, left X-approximations and covariantly nite subcategory in A-mod. A subcategory X in A-mod is called functorially nite in A-mod provided it is both contravariantly nite and covariantly nite in A-mod.
Note that the subcategory F( ) is always functorially nite in A-mod and Y( ) is covariantly nite in A-mod. Thus, as was proved in 16], the subcategory F( ) is closed under direct summands and has (relative) almost split sequences.
In this paper we are mainly interested in studying these subcategories. First, we retreat the materials of 3] in our context and add some new results, here the point is that we want to get results only by working on the category F( ) without knowing the modules in Y( ): In fact, this paper comes from an understanding of standardly strati ed algebras, especially the results in 3]. Second, we discuss some subcategories arising from cellular algebras. In detail the paper is organized as follows: we collect in section 2 some elementary facts and reprove that F( ) is closed under kernels of surjections. This implies that if A is a standardly strati ed algebra then F( ) is a resolving subcategory. In section 3 we characterize the quasi-hereditary algebras inside the class of standardly strati ed algebras in terms of the above subcategories, our result shows that a standardly strati ed algebra is quasi-hereditary if and only if F(r) = Y( ); and the latter happens if and only if the global dimension of A is nite. Section 4 is devoted to considering the subcategory !( ) = F( )\Y( ): Note that for a standardly strati ed algebra, the subcategory !( ) is completely determined by a tilting module 3]. In general, this tilting module is not a cotilting module. We prove that it is a cotilting module if and only if the algebra A is a Gorenstein algebra. The endomorphism algebra of the tilting module is discussed in section 5. In the last section we make some applications of our methods to cellular algebras. The main interest is the studying of the cohomology of cell modules. We show that the rst cohomology groups between certain cell modules vanish. Using this, we establish a connection between certain class of cellular algebras and that of right standardly strati ed algebras. In this section, new homological characterizations of quasi-hereditary algebras in terms of the cohomology groups of cell modules are provided. Also some results from the literature on cohomology groups of modules over Hecke algebras can be obtained in the view of cellular algebras.
Throughout the paper we denote by A an artin algebra and by A-mod (respectively, mod-A) the category of all nitely generated left (respectively, right) A-modules. By (2) it is closed under kernels of surjections, that is, If M and N are two modules in X and f is a surjective homomorphism from M to N, then the kernel of f is in X; (3) all projective modules belong to X:
The following result is proved in 10]. We give here a di erent proof which can be adapted in other situation (see section 6 below).
Proposition 2.2 F( ) is closed under kernels of surjections.
Proof. First, we have the following fact: Let 1 t n: Then each module M in F( ) has a unique maximal submodule M 1 2 add( (t) (t + 1) ::: (n)) such that M=M 1 Suppose that h is a non-zero homomorphism from U(i) to K: Then there is an element x 2 U(i) such that the image of x under h is not zero and there is a homomorphism g : P j ?! P i with j > i such that x In the next section we will see when this equality holds true for standardly strati ed algebras.
Global dimensions
Whether F(r) is equal to Y( ), this is related to the global dimension of the artin algebra A. In this section we show that the equality holds if and only if the global dimension of the algebra A is nite. Throughout this section, we assume that A is
First, we prove
Proof. We prove this by induction on n, the number of simple modules. If n = 1; then F(r) = add(r(1)) and Y( ) = A-mod. Thus each A-module is injective, and in particular, the simple module is injective. This means that the algebra is simple. Thus the global dimension is nite.
Suppose the proposition is true for algebras with n ? 1 simple modules. Now let A be an artin algebra with n simple modules and F(r) = Y( ): Note that (n) = Ae for some primitive idempotent element e 2 A and that the ideal AeA is a projective left A-module. We shall show that the assumption holds true for the quotient algebra A=AeA: Let Proof. This proposition can be proved by using the result that a standardly strati ed artin algebra is quasi-hereditary if and only if the global dimension is nite. But we prefer to giving a more elementary proof here.
We use induction on n: If n = 1, then the algebra A is either a simple algebra or a local algebra with non-zero radical. The latter can not happen since A has nite global dimension. Hence we have F(r) = Y( ): Suppose the proposition is true for n ? 1: We show that it is true for algebra with n simple modules. Put (n) = Ae and I = AeA: Then I is a projective left module, and by 9], the global dimension of A=I is nite.
Hence we can apply the induction to the algebra A=I and get that F(r(1); :::; r(n?1)) = fY 2 A=I ? mod j Ext 1 A=I (F( (1) The following theorem is proved in 3]. We include here a short proof. Theorem 4.3 Let A be a standardly strati ed algebra. Then there is a tilting module T (unique up to multiplicity of indecomposable direct summands) such that add(T ) = !( ): It would be interesting to know under which conditions on the standardly strati ed algebra A we could have F( ) = ? !( ): Of course, quasi-hereditary algebras have the property. The following is another example of this kind of algebras.
Let A be a local algebra which is not self-injective, then A is automatically a standardly strati ed algebra with F( ) = add(A) = ? !( ):
Remark. We note that in 3] the intersection of F( ) with Y( ) is discussed, and it was shown that F( )\Y( ) = add(T ) for a cotilting module T with F( ) = ? (add(T )) if and only if the algebra is quasi-hereditary.
Endomorphism algebras of tilting modules
We have seen that if A is a standardly strati ed algebra then there is a tilting module T such that !( ) = add(T ): In this section we consider the endomorphism algebra of this module T: is nilpotent, and therefore 1 = 1 = m 1 for all m; thus 1 is zero, a contradiction. Hence T(i) is indecomposable. Since the composition factors of T(i) are of the form S j with j i and S i occurs at least once, the modules T(i), 1 i n; are pairwise non-isomorphic, and therefore !( ) = add( L j T(j)):
We also need the following fact: 
This proves (1).
(2) follows from (1) 6 Subcategories from cellular algebras
In this section we study some subcategories arising from the cell modules over a cellular algebra. We rst recall the de nitions of cellular algebras given in 11] and 13], and then we give a new homological characterization of quasi-hereditary algebras inside the class of cellular algebras in terms of the cell modules. We also study the extension closed subcategory F(W( 0 )) of cell modules. For a further information on the study of cellular algebras one may refer to the survey paper 14].
Let k be an arbitrary eld.
De nition 6.1 (Graham and In the following we shall call a k-linear anti-automorphism i of A with i 2 = id an involution of A.
For each 2 ; there is a cell module W( ) with a k-basis fC S j S 2 M( )g, the module structure is given by aC S = X T2M( ) r a (T; S)C T where the coe cients r a (T; S) are de ned as in the de nition 6.1. We have also a right cell module i(W( )) which is de ned dually. For a cell module, one has also de ned a bilinear form : W( ) W( ) ! k by C S;S C T;T (C S ; C T )C S;T modulo the ideal generated by all basis elements with upper index greater than : We denote this ideal by J > in the sequel.
We need also the following equivalent de nition of cellular algebras in 13].
De nition 6.2 ( 13] ) Let A be a k{algebra. we denote by S the simple module corresponding to , which is isomorphic to the top of the cell module W( ):
(2) The multiplicity W Thus the cell module W( ) with 2 0 can be described as the quotient module of P modulo the submodule U( ) = P 6 ;f Im(f : P ?! P ) + P g;Im(g) rad(P ) Im(g : P ?! P ):
Before we give our criteria for quasi-hereditary algebras, we rst point out the following fact. Then the radical of W( ) has composition factors of the form S with < by 6.3, and by induction, for those we have that proj.dim S < 1: It follows now from the exact sequence 0 ! rad(W ( )) ! W( ) ! S ! 0 that proj.dim S < 1: Hence gl.dim(A) < 1:
The next result gives a criterion for quasi-heredity in terms of rst cohomology groups of cell modules. Theorem 6.5 For a cellular algebra A the following are equivalent:
(1) A is quasi-hereditary; For a subset ; we put W( ) = fW( ) j 2 g and W( ) = fDi(W( )) j 2 g: With these notations, the above theorem can be reformulated as follows:
Let A be a cellular algebra. Then A is quasi-hereditary if and only if F(W( ) ) = Y(W( )):
Thus the rst cohomology groups of cell modules may play a role in the study of cellular algebras. In this direction, we have the following result on cohomology groups of cell modules. As an application of 6.7, we just mention the following fact for Hecke algebra H n (q) over a eld k. For In contrary to 2.8, we have the following fact for cellular algebras, which is the dual statement (2) of Proposition 6.7. In the following we assume that A is a cellular algebra with an involution and that 0 with the partial order of restricted to 0 is a total order. In this case, we have the following result. M is a module with a bigger W( 0 )-support. So we have a commutative diagram as in the proof of 2.2. To show that f 0 is surjective, we just note that the module K 0 in the diagram has no composition factor isomorphic to S 0 , this means that f 0 must be surjective. Thus we can get the desired result without any problem.
As a consequence, we have the following result which tell us the relationship between certain class of cellular algebras and the class of standardly strati ed algebras Question. Let This implies that J 1 must be zero, a contradiction. Thus J 1 must be a heredity ideal in A: This nishes the proof.
